MULTIPLE INTEGRALS - TASKS (V PART)

Calculate the surface area

1) If the surface is given by equation z =z (x, y) and if we mark p = % and g = % , then:
X v

PZ”WH + p* +q’dxdy
D
i1) If the surface is given by parametric equations x =x (u, v) and y =y (u, v), then:
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One tip: before studying these ,remind of the partial derivatives (you have a file here, on site)

Example 1.

Calculate the area of paraboloid 2z = x>+ that cuts out cylinders x*+ 3 =1

Solution:
Picture :
2z=x"+)’ Az
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Formula is ”wll + p’ +q dxdy where z=2z(x,y) is paraboloid z :%+y7
D

and cylinder will give us the limits under which we work ..
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Best to settle on the side (now it is not difficult, but for the second time that we know): \/ 1+p*+q° = \/ I+x"+y

P=[[\1+p* +q dxdy = [[\1+x" + " dxdy
D D

We said that cylinder x” + y*> =1 determines the borders

We take polar coordinates:

X=rcosQ )
. —>|J|:r thenis 0<r<1 and 0<ZL@<2x
y=rsing

P=H\/1+x2 +y’dxdy = Td(o jm-rdrz
D 0 0

This is 27

We'll solve this integral "aside":

1+77 =1 (\/—2)3
3 I+7
[N+ rdr = 2rdr = 2udt :I\/F-tdtzjtzdt:%:—3

rdr = tdt

Now , we have:
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P:J:[«/l+x2+y2dxdy: Td(o .[\/1+r crdr =2rm-
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This is 27
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Example 2.

Calculate the area of the cone z* = x>+ which cut cylinder x*+ y* =2x

Solution:

X'+ -2x=0
X' =2x+1-1+)"=0
(x-1)’+y* =1

v

We see that we have two symmetrical surface relative to the plane z = 0.

We'll find one and multiply it by 2.

The cylinder will then give us the borders!

Picture in plane will be:




We take polar coordinates:

X=rcosQ

] —>|J|:r then:
y=rsing
X' +y'=2x=0

(rcos @)’ +(rsing)’ —2rcosp =0
r*(cos’ p+sin® @) = 2rcos @

¥ =2rcos@p —>r=2cos@
So: 0<r<2cos¢

From picture we can see that the angle goes from:
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To find area:

2cosgo
¢:

.U‘”er +q dxdy = H\/_dxdy \/_jd(pzT rdr = 2?(%}

:\/5.2[[4%)252(0} _ .2[ oszg)dg):\xx/_j- 82(0d

Finally: |P=2P =272




Example 3.

Calculate the surface area that cylinder x* +(y—2)° =4 cuts on the cone z=2—4/x"+ )’

Solution:

Let's get the cone to be able to draw a picture:
z=2—4/x" +’

X +y' =2-z

X+’ =(2—z)2

X H(y-2)7=4
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P= ﬂ\/1+p2 +q  dxdy =H\/§dxdy -2 ﬂdxdy

D

Surface area is actually area of the circle !

y

P, =r’r=2r=4r

pP= ”«/1+p2 +q° dxdy :”x/zdxdy -2 ”dxdy =427

D

P=4\27

Now let's look at previous task ... Well, there we could use this, right?

We have to show you both ways and you of course, do as your professor require!
Example 4.

Calculate the surface area limited with x*+z> =4 and Y’ +z°=a’.
Solution:

Picture:

X+zi=a’
a y
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Now we separate the first octant.




yi+zi=a’

Let us note here two surfaces. They are the same, and there are 16 counting all octant.

Find the limits in the plane xOy

\y=x

yA
y=X
0 a
¥ +zi=d’
P =a’ - x°
z=+Va* —x’
We need first octant, so:
z=+Ja’ —x’
0z  —2x X
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P=16- jdxjgdy_ma =16a-

v=t6a [
This integral we already solved:

T

Example 5.

Calculate the area of the body which is limited with :

Xy =z+2

X' +y =1

v

We see that the desired area consists of three parts. Each of these areas will be found separately and then assemble

the results ....

The first part of the surface is paraboloid x* + y*> =3 -z which cuts off the cone x* + y* =1.



X’ +y*=3-z

2:3—(x2+y2)
p=—2x
q=-2y

\/lererq2 =\/1+4x2+4y2 = 1+4(x2+y2)

Cylinder x* + y* =1 determines the borders

X=rcosQ

) }—>|J|:r then 0<r<1 and O0<@<27
y=rsing

R 2_” 1+4(x2+y2)dxdy= ngo jm-m’rz
0 0
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Thisis 27
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'[;'- 1+4(x2+y2)dxdy= .([d(z) .([\/1+4r2-rdr:27z-T‘0

Thisis 27
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Next we will calculate the area P, , x”+y” =z+2 which cuts off the cone x* +y° =1

X +y =z+2
z:(x2+y2)—2
p=2x

q=2y



\/lererq2 =\/1+4x2+4y2 = 1+4(x2+y2)

P, = H 1+4(x2 +y2)dxdy

D

/s . : . . .
So: [P = E(Sx/g —1) As we see this area is the same as the area in the previous section!

To find P,. Let's look at the picture again. We see that this is actually Tread roller whose height is H = 3 and radius

ofbaser=1.

Whyis H=3?
If you solve the system x°+3)* =3—z and x*+)° =1 then z=2

If you solve the system x*+)° =z+2 and x*+)’ =1 then z=-1

Therefore, the height on the z- axis is 3.

P, =2rmrH
P=21r3
P =6r

Now we add the results:

P=P+P+P
P:%L@JE—Q+6ﬂ+%L@J§—Q
P:%LQJE—Q+6n
P:%(aﬁ+n)
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